A comprehensive analysis of hybrid TM-TE polarized surface electromagnetic waves supported by different few-layer anisotropic metasurfaces is presented. A generalized 4×4 T-matrix formalism for arbitrary anisotropic 2D layers is developed, from which the general relations for the surface waves dispersions and scattering coefficients are deduced. Using this formalism and the effective conductivity approach the dispersions and iso-frequency contours (IFCs) topology of the surface waves in various hybrid uniaxial metasurfaces are studied. The existence of hyperbolic plasmon-exciton polaritons in plasmon-exciton hybrids and hyperbolic acoustic waves with strong confinement in both out-of-plane and in-plane directions in uniaxial plasmonic bilayers are predicted. In plasmonic uniaxial metasurfaces on metal films, the elliptic and hyperbolic backward surface waves with negative group velocity are predicted and additional topological transitions in both elliptic and hyperbolic IFCs of the hybrid surface waves are revealed. Ultrathin twisted uniaxial plasmonic bilayers are proposed as systems with the IFCs topological transitions highly sensitive to the layers twist. The developed formalism may become a useful tool in the calculation of multifunctional few-layer metasurfaces or van der Waals heterostructures based on 2D materials with in-plane anisotropy, where the TM-TE polarization mixing must be considered. The predicted effects may open new horizons in the development and applications of planar optical technologies.
I. INTRODUCTION
Metasurfaces, the two-dimensional (2D) analog of metamaterials, have recently gained significant attention as a great candidate for the efficient control over surface electromagnetic (EM) waves [1, 2] . Providing efficient beam shaping, phase and polarization manipulation of light they can serve as optical control devices such as polarization transformers, antennas, perfect absorbers, switchers, sensors, frequency selectors etc. [3] [4] [5] [6] [7] . In contrast to bulk metamaterials, while retaining similar functionalities, they allow to remove the volumetric losses, to simplify the fabrication process, and to provide a full onchip incorporation into planar optical devices. Metasurfaces are called hyperbolic when, due to extreme in-plane anisotropy, they behave within the sheet as a dielectric along one direction and as a metal along the orthogonal one [8, 9] . Hyperbolic metasurfaces, following their 3D analog [10] [11] [12] [13] [14] , have attracted great interest owing to their unique EM properties, such as negative refraction, large density of states, surface plasmon polaritons (SPPs) self-collimation, unique SPPs optical spin control, and photoluminescence polarization anisotropy [15] [16] [17] [18] [19] [20] [21] . Depending on the constituent materials and geometrical parameters the in-plane hyperbolic response can be realized in ultraviolet (UV), optical, infrared (IR), THz, and microwave ranges. In particular, silver grating [22, 23] or gold elliptical nanodisks [9, 24] have been proposed * oleg.v.kotov@yandex.ru † lozovik@isan.troitsk.ru for the optical SPPs, nanostructured h-BN for the mid-IR phonon-polaritons [25, 26] , thin h-BN film, depending on the thickness, for the mid-IR, near-IR, optical, or even UV SPPs [27] [28] [29] , graphene grating for the THz SPPs [8, [30] [31] [32] , and anisotropic metallic patterns with centimeter-sized unit cells for the microwave SPPs [33] [34] [35] [36] . However, high ohmic losses in metallic structures can sufficiently spoil the outstanding properties of hyperbolic surface waves [15] . Perhaps, all-dielectric metasurfaces with hyperbolic-like regimes for the waveguide (WG) modes [37] may become one of the solutions of this problem. In order to make metasurfaces active and highly tunable, semiconducting constituent materials can be used. One way is to design thin metal-semiconductor nanostructures based on distributed semiconducting quantum wells [19] . But the most natural way is just to combine already prepared plasmonic metasurfaces with organic dye molecules [38] [39] [40] , ordinary quantum wells [41] , or 2D semiconductors [42, 43] . Among all 2D semiconductors, monolayers of transition metal dichalcogenides (TMDCs) have aroused large interest for the past few years owing to their direct band gap in the visible and near-IR ranges, valley-selective response, large exciton binding energy and oscillator strengths, high emission quantum yield and strong photoluminescence [44] [45] [46] [47] [48] . TMDCs also have a number of technological advantages, including, high epitaxial quality, chemical and thermal stability, compatibility with other materials, and relatively abundance [49] [50] [51] [52] . All this makes TMDCs one of the best candidates for the semiconducting component of hybrid plasmonexciton metasurfaces with a strong-coupling regime at room temperature [48, [53] [54] [55] [56] [57] [58] [59] . Such hybrids supporting plasmon-exciton polaritons (plexcitons [60] ) may become a modern platform for ultrafast active control of light [38, 39, 61] and room temperature polariton lasing [62] .
Over the past few years, the 2D materials research has grown into the broader field, which includes the study of van der Waals heterostructures [63] and transdimensional materials [64] . Similar to van der Waals materials, which for some applications are more effective in fewlayer configuration than in monolayer one [58, 59, 65] , the applicability of metasurfaces can be dramatically improved by going to the few-layers. The multiplication of metasurface layers, while retaining a relatively low level of losses and fabrication simplicity, can provide higher efficiency and more degrees of freedom for manipulating the phase, amplitude, polarization, propagation, and dispersion of light [66, 67] . Moreover, the layers interaction results in additional effects, including near-field coupling, WG modes, and multiple wave interference [68] . The WG effects enable to control polarization and phase of the transmitted light simultaneously [69] , while multiple interference effects can be used to cancel the undesired light and enhance the efficiency of antireflection-coatings [70] , polarization converters [71, 72] and metalenses [73] . Near-field coupling generates a magnetic resonance inside the structure, which being effectively coupled to an inlayer electric resonance allows to realize perfect absorbers and reflectors [74] [75] [76] . Such a magnetic resonance mode is also named as gap-plasmon mode [74] , which in the case of antisymmetric field profile corresponds to ultraconfined acoustic plasmons [77] [78] [79] .
Recently, the research of ultrathin active chiral metamaterials has given rise to the topic of moiré metasurfaces, which are stacks of two or more periodic patterns with relative differences in lattice constants or in-plane rotation angles [80] [81] [82] [83] . The optical response of such metasurfaces is ultrasensitive to the layers twist or interlayer refractive index [83] . On the other side, the interest in moiré structures stirred up after the recent discovery of exotic strongly correlated quantum phases in twisted bilayer graphene, such as unconventional insulating [84] and superconducting phases [85] , which are highly sensitive to the layers twist angle near the magic values. All this has attracted interest to twisted bilayer plasmonics with moiré pattern [86] [87] [88] [89] and without it [90, 91] , as well as to twisted bilayer excitonics [92, 93] .
Theoretical description of few-layer metasurfaces optical properties can be devided into two main problems: homogenization of individual layers and EM scattering of multilayer stack formed by these layers. The first can be done using various homogenization methods [94, 95] that extract effective parameters from the scattering properties of interacting meta-atoms in the long-wavelength regime, when the effective wavelengths and averaged field variations are much larger than the material granularity. For 2D metasurfaces with periodicity L, such homogenization procedures give the description within an effective conductivity approach [8, 30, 31, [96] [97] [98] , which applicable at L λ SPP . The EM scattering problem of periodic multilayer stacks consisting of 2D isotropic nonmagnetic layers separated by dielectric slabs can be solved analytically using 2×2 transfer-matrix (T-matrix) formalism [99] [100] [101] , which was applied for graphene multilayers in numerous papers [102] [103] [104] [105] [106] [107] [108] . This method allows to obtain collective evanescent or WG modes dispersions and reflection/transmission coefficients of a multilayer structure. To analyze SPPs in-plane field distribution, it is convenient to consider their dispersions in terms of iso-frequency contours (IFCs), which topology indicates the peculiarities of SPPs propagation, e.g., the switching between omnidirectional and collimation regimes [8, 9] . However, when the anisotropy of constituent 2D layers is crucial, or in the presence of an external magnetic field, to account for the TM-TE polarization mixing, the 4×4 T-matrix formalism should be used [109] [110] [111] [112] [113] [114] [115] .
In this work, we develop a generalized 4×4 T-matrix formalism allowing to calculate the linear optical response of multilayer metasurfaces consisting of arbitrary anisotropic 2D layers and accounting for the TM-TE polarization mixing, which is critically important for the hyperbolic waves calculations. Using this formalism and the effective conductivity approach we analytically obtain a general dispersion relation for an arbitrary bilayer metasurface. We analyze the dispersions and IFCs topology of the hybrid waves in various few-layer anisotropic metasurfaces in the most general form, not specifying a design of constituent 2D layers. Having considered four examples of hybrid uniaxial metasurfaces, we predict in them the existence of different hybrid hyperbolic waves and additional topological transitions.
The rest of the paper is organized as follows. In Sec. II, a generalized 4×4 T-matrix formalism for arbitrary anisotropic 2D layers is developed, from which the general relations for the surface waves dispersions and reflection/transmission coefficients are deduced. In Sec. III, four different examples of hybrid uniaxial metasurfaces are considered: hyperbolic plasmon-exciton metasurfaces (III A), plasmonic uniaxial metasurfaces on metal or dielectric films (III B), bilayer hyperbolic metasurfaces (III C), and twisted bilayer hyperbolic metasurfaces (III D). In Sec. IV, the results are summarized.
II. TRANSFER MATRIX FORMALISM

A. Monolayer metasurface
Let us first consider a single anisotropic metasurface at the interface between two semi-infinite media with refractive indexes n 1 = √ ε 1 µ 1 and n 2 = √ ε 2 µ 2 [see Fig. 1(b) ].
Within the homogenization approach, the EM response of such a metasurface, in general, can be described by a fully-populated conductivity tensor
Following Refs. [116, 117] let us write separately the EM field of the p-polarized (TM) and s-polarized (TE) components of the EM wave, which then will be mixed by the nondiagonal response σ xy of a metasurface. For the EM waves with the plane of incidence xz [see Fig. 1(a) ] the wave vectors in the media above (j = 1) and below (j = 2) the metasurface are k j = n j ω/c = k 2 xj + k 2 zj , where ω is the radiation frequency and k xj ≡ q is the wave vector of the surface waves. The p-waves with the magnetic filed perpendicular to the plane of incidence possess the EM field components E p = {E x , 0, E z }, H p = {0, H y , 0}. For the angles of incidence θ j in the corresponding medium, the projection factors cos θ j = ck zj (ωn j ), which has the same sign for the both forward (E + pj ) and backward (E − pj ) waves [see Fig. 1(b) ], must be taken into account. Thus, using the relation H y = ωε ik and across (σ ⊥ ) the main axis, thin spacer with refractive index n2, and 2D excitonic layer with isotropic conductivity σex. The refractive indexes of the media above and below the hybrid metasurface are n1 and n3, respectively. The wave vector of the surface waves q ≡ kx is denoted by the red arrow. The plane of incidence of light is at an angle ϕ to the main axis of uniaxial plasmonic array, which gives mixing of the incident light polarizations in the metasurface optical response. (b) EM field vectors in media above (n1) and below (n2) single anisotropic metasurface for both polarizations, which are mixed by a fully populated conductivity tensor σ of the metasurface.
with
where the p-waves components are
and the s-waves components are given by
where the condition E − pN = E − sN = 0 of no backward waves in the last medium was used. The energy reflection (transmission) coefficients are the ratio of the Poynting vector of the reflected (transmitted) and the incident waves, and expressed through the amplitude coefficients as
The dispersion of the collective surface waves in such Nlayer system can be found as zeros of the denominator of the reflection and transmission coefficients:
For monolayer metasurface from Eqs. (6)- (8) we get:
with ∆ = P ++ 12 S ++ 12 − σ xy σ yx . Zeros of ∆ give the dispersion relation of the surface waves in a monolayer metasurface:
where κ j = (qc/ω) 2 − ε j µ j = ik j are normalized to ω/c inverse penetration depths of the surface waves into the upper and lower medium. Our general results, the reflection and transmission coefficients (11) and the dispersion relation (12) , for a monolayer metasurface surrounded by media with arbitrary ε j and µ j correspond at µ j = 1 to those obtained in Refs. [30, [118] [119] [120] ) and Refs. [116, 117] , respectively.
B. Bilayer (multilayer) metasurfaces
The formalism developed above can be easily generalized for an arbitrary number of layers by multiplying the T-matrices corresponding to each layer. For a multilayer metasurface consisting of N 2D layers with effective conductivity tensors σ j (j = 1, 2, .., N ), which are at the interface between corresponding media with refractive indexes n j and n j+1 , the total T-matrix is given by
where T j→j+1 is obtained from T 1→2 [Eq. (6)] by replacing media n 1,2 with n j,j+1 and σ 1 with σ j , T dj are the T-matrices for a light propagating through the interlayers (media between two adjacent 2D layers) with corresponding thicknesses d j (j = 1, 2, .., N − 1):
T-matrix (13) allows to obtain all necessary characteristics (the reflection and transmission coefficients, the dispersion relation) using general Eqs. (8)- (10).
Now and further let us focus on consideration of different bilayer metasurfaces (n 1 | σ 1 |n 2 | σ 2 |n 3 ): two 2D layers with effective conductivity tensors σ 1 and σ 2 , which are separated by an interlayer with refractive index n 2 and thickness d 1 ≡ d and surrounded by semi-infinite media with refractive indexes n 1 and n 3 . The total T-matrix for such a system is given by
where T 2→3 is obtained from T 1→2 [Eq. (6)] by replacing media n 1,2 with n 2,3 and σ 1 with σ 2 , T d is given by Eq. (14) . The dispersion of the collective surface waves in such a bilayer system can be found from Eq. (10), where the elements of the matrix T 1→3 are substituted:
and κ j = (qc/ω) 2 − ε j µ j . This general bilayer dispersion, as well as the 4×4 T-matrix (6) , are the main analytical results of the paper. In the next section we will consider various realizations of anisotropic bilayer metasurfaces, for which the application of the general relation (16) will be demonstrated in some special cases.
III. HYBRID UNIAXIAL METASURFACES A. Hyperbolic plasmon-exciton metasurfaces
Let us consider the plasmon-exciton hybrid metasurface [see Fig. 1 (a)] consisting of 2D uniaxial plasmonic array characterized by conductivity tensor σ 1 ≡ σ and 2D excitonic layer (e.g., 2D semiconductor or dye molecules) described by isotropic conductivity: σ 
In the case when there is no interlayer between 2D layers (d = 0), one can reduce the general bilayer dispersion Eq. (16) to the form
where σ Σ = σ 1 + σ 2 . Thus, for a bilayer with d = 0 we get the monolayer-like dispersion Eq. (12) but with the total effective conductivity tensor consisting of both layers contributions, which is consistent with a naive intuition.
Within the homogenization procedure, which depends on the constituent materials and geometry, one can describe a nonmagnetic achiral 2D uniaxial plasmonic layer by effective conductivities along (σ ) and across (σ ⊥ ) the main axis. For a light with the plane of incidence is at an angle ϕ to the main axis, the rotated conductivity tensor should be used [9, 30] :
The nondiagonal response σ xy = σ ⊥ − σ sin 2ϕ/2, mixing p-and s-waves, arises here not due to an intrinsic chirality or magnetism of plasmonic layer, but follows only from a nonzero tilt of the plane of incidence of light with respect to the main axis, which corresponds to a socalled extrinsic chirality [120, 121] . In the dipole and local response approximations the effective conductivities, describing the resonant interaction between the individual scatterers in a plasmonic layer, can be written in a general Lorentzian form:
where Ω ,⊥ and γ ,⊥ are the resonant frequencies and corresponding bandwidths along and across the main axis, A ,⊥ are the corresponding oscillator strengths and σ
are the corresponding background conductivities caused by a nondipole response or finite thickness of a plasmonic layer. In Fig. 2(a) we plot the dimensionless conductivities (20) with the realistic parameters corresponding to a thin (∼ 20 nm) plasmonic array (like in Ref. [98] ). Two Lorentzians with different resonant frequencies lead to the three different regimes in such a uniaxial plasmonic array [9] : at low frequencies ω < Ω a capacitive one when both Im σ ⊥ and Im σ are negative, between the resonant frequencies Ω < ω < Ω ⊥ a hyperbolic one when they have different signs, and at high frequencies ω > Ω ⊥ an inductive regime when they are both positive. In the capacitive and inductive regimes the structure supports conventional TM and TE SPPs, respectively, with the elliptic topology of the iso-frequency contours. However, in the hyperbolic regime there are mixed TE-TM SPPs with the hyperbolic topology, which allows to achieve extremely large in-plane field confinement of SPPs in some specific directions [8] . The conductivity of the generic excitonic layer also can be written in a Lorentzian form:
where Ω ex and γ ex are the excitonic transition frequency and corresponding damping rate, A ex is the oscillator strengths, and σ ∞ ex is the background conductivity accounting for the lower electronic bands contributions. In Fig. 2(a) we depict the dimensionless conductivity (shown magnified for visibility) with the parameters as for the monolayer TMDC (WS 2 ) [122] , and Ω ex lying between Ω and Ω ⊥ , where the plasmonic layer supports the hyperbolic regime. Fig. 2(b) shows the total Using Eq. (17) with the conductivities shown in Fig. 2 , we calculate at n1 = n3 = 1 the dispersion ω(q) of the surface waves at different propagation directions (defined by the angles ϕ [see Fig. 1(a) ]) for the following configurations: free-standing plasmonic array (σ ex = 0, d = 0), plasmon-exciton hybrid without interlayer between 2D layers (d = 0), and plasmon-exciton hybrid with thin dielectric spacer (ε 2 = 2, µ 2 = 1, d = λ/30 with λ = 2πc/ω). For the free-standing plasmonic array we obtain the same dispersions of hybrid TM-TE waves as in Ref. [9] but with greater anticrossing gap in the hyperbolic region due to the larger bandwidths γ ,⊥ in the conductivity [see Fig. 3(e) ]. In the plasmon-exciton hybrid metasurface without interlayer we get a pronounced hyperbolic plasmon-exciton polaritons (HPEPs) near the exciton frequency, which lying in the hyperbolic region of the plasmonic layer [see Fig. 3(a) ]. The dispersion of the HPEPs strongly depends on the propagation direction angle ϕ [see Fig. 3(b) ]. When there is a thin dielectric spacer between plasmonic and excitonic layers [see Fig. 3(c) ], the HPEPs are not so pronounced, because HPEPs dispersion loses the excitonic contribution with the spacer thickness increasing [see Fig. 3(d) ]. Using the obtained dispersions of HPEPs in plasmon-exciton hybrid, the dispersions of the bare SPPs (hybrid TM-TE waves) in the plasmonic array on the substrate with the interlayer parameters (n 2 , d), and standard coupled oscillator model (COM) as in Ref [123] , we retrieve Rabi splitting (Ω R ) of the plasmon-exciton interaction in the considered hybrid metasurfaces [see Fig. 4 ]. According to the COM (without damping for the simplicity) the two polariton modes frequencies are given by
where ω SPP (q) is the bare SPPs (hybrid TM-TE waves) dispersion in the plasmonic array on the substrate with the interlayer parameters and Ω ex is the exciton frequency from Eq. (21). We get that the Rabi splitting slowly grows with increasing deflection (ϕ) of the propagation direction from the main axis of plasmonic layer [see results at d = 0 in Fig. 4(a) ]. We also obtain noticeable decrease of the Rabi splitting with the spacer thickness increasing [see results at fixed ϕ = 70 • in Fig. 4(b) ]. This was to be expected due to the weakening of the plasmon-exciton interaction with increasing of the distance between interacting layers. The Rabi splitting values for the discrete set of the angles from Fig. 3(b) and the set of the thicknesses from Fig. 3(d) are gathered in Fig. 3(f) . It is seen that the Rabi splitting drops with the spacer thickness increasing much more than it grows with the angle. Notice that we get the largest Rabi splitting for the HPEP propagating perpendicular to the main axis because we set σ ⊥ > σ . If one take σ ⊥ < σ , the opposite behavior will occur. Thus, the most pronounced HPEPs can be excited in the plasmon-exciton hybrid without spacer and along the direction with the highest conductivity.
B. Plasmonic uniaxial metasurfaces on metal or dielectric films
Here we consider the influence of different substrates on the surface waves behavior in plasmonic uniaxial metasurfaces. Using Eq. (17) with no second 2D layer ( σ 2 = 0) and plasmonic layer conductivity σ 1 from Fig. 2 , we calculate at n1 = n3 = 1 the angle distribution of the surface waves dispersion in the plasmonic uniaxial metasurface on the positive-ε and negative-ε substrates. As an example of positive-ε substrate we considered dielectric WG with ε 2 = 4, µ 2 = 1, d = λ/4 [see Fig. 5(a) ]. Comparing with Fig. 3(e) , one can see that the dispersion of surface waves simply shifts to the larger wave vectors q, and between the lines of light in WG (ε 2 ) and Wavevector (a. u. )
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1.14 Frequency (a. u. ) out of it (ε 1 ) a set of hybrid TM-TE WG modes arise with the angle distribution of the dispersion containing similar anticrossings as for the surface waves. The presence of this anticrossings means that there is a mixing of polarization. However, in the case of negative-ε substrates, the surface waves dispersion can be dramatically changed. As a negative-ε substrate we took thin metal film with Fig. 5(b) it is seen that the metal substrate gives an additional two sets of hybrid surface waves branches: ϕ-dependent, lying below the ordinary branches of a freestanding plasmonic array, and ϕ-degenerate, lying above the ordinary branches. At small q, the branch ϕ = 0
• from the lower set coincides with the lower SPP in the considered metal substrate, and the upper ϕ-degenerate modes coincide with the upper SPP. Moreover, the presence of the metal substrate also changes the dispersion of the ordinary branches. The upper set of ordinary branches for all angles at high q tends to the surface plasmon constant in the substrate (ω p / √ 2). The lower set of ordinary branches near Ω gets two anticrossings with the lower set of additional modes: one at small q ∼ 2.5 and another at higher q ∼ 15 [see Fig. 5(b) ]. Interestingly that both these anticrossings occur at ϕ → 0
• , while the ordinary anticrossing, as in a free-standing plasmonic array [ Fig. 3(e) ], corresponds to ϕ → 90
• . Moreover, the presence of the second high-q anticrossing results in appearance at q ∼ 5−15 of two sets of backward waves with negative group velocity. The elliptic backward waves at ω < Ω = 1 exist at high ϕ and the hyperbolic backward waves at ω > Ω can be excited at low ϕ [see Fig. 5(c) , which is enlarged fragment of Fig. 5(b) ].
However, in the most curious way, the presence of a negative-ε substrate is manifested in the topology of IFCs of the hybrid surface waves. Using simple monolayer-like dispersion Eq. (12) with q = k 2 + k 2 ⊥ , where k ,⊥ are the components of the in-plane wave vector along the principle axes of the conductivity tensor, we numerically found implicit dependency k ⊥ (k ) at fixed frequencies for different semi-infinite substrates. As it was mentioned in Sec. III A, the considered free-standing plasmonic metasurface at ω < Ω = 1 possesses the elliptic topology of IFCs and at ω > Ω the hyperbolic one [see Fig. 6(a) ]. Note that the arcs arising in the hyperbolic regime near the circle of light in a free space are correspond to the weakly guided quasi-TE modes. Now we obtain that positive-ε substrates have no fundamental influence on the IFCs, while some negative-ε substrates result in additional topological transition in the both elliptic and hyperbolic contours [see Fig. 6(b) ]. The elliptic contours at ω = 0.99 and ε 2 −2.1 are divided into three areas: quasi-TE modes remain arcs around the circle of light and quasi-TM modes become two separate ovals on either side of this circle [see Fig. 6(c) ]. Here the range ε 2 ∈ [−2.1, 0], when the shape of the contours changes but the topological transition does not occur yet, is caused by the quasi-TE modes contribution in the hybrid surface waves dispersion. The hyperbolic contours at ω = 1.01 when ε 2 goes below zero begin to bend in such a way, that at ε 2 ≈ −2.1, the lower and upper hyperbolas touch each other, and at ε 2 −2.1 they are split into hyperboles rotated on 90
• and the elliptic contours near the circle of light [see Fig. 6(d) ]. For the better description of the considered topological transitions, using Eq. (17) we plot in Figs. 6(e) and 6(f) the IFCs of the hybrid surface waves in the metasurface located at various distances (d) from the metal semi-infinite substrate. At a very large distance there are ordinary elliptic and hyperbolic contours as in the bare metasurface. When the metal substrate becomes closer to the metasurface, the contours bend in such a way that, finally, at d → 0 they are divided as described above. During this bending the contours pass through the different forms of fourth-order curves [124] : the elliptic contours are transformed through the forms , where the dashed circles indicate areas containing backward waves with negative group velocity. All the structures are considered in a free space with n1 = n3 = 1. The plasmonic metasurface parameters are the same as in Fig. 2.   FIG. 6 . The iso-frequency contours (IFCs) of the hybrid TE-TM surface waves in the plasmonic uniaxial metasurface near the transition frequency of elliptic topology to hyperbolic (ω = Ω = 1) in a free space (a) and on the semi-infinite substrate with ε2 = −5 (b). IFCs for different semi-infinite dielectric substrates in the elliptic regime at ω = 0.99 (c) and in the hyperbolic one at ω = 1.01 (d): additional topological transitions arise in the both regimes when ε2 −2.1, in the range ε2 ∈ [−2.1, 0] the shape of the IFCs changes but the topological transitions do not occur yet. IFCs for the metasurface located at various normalized to λ = 2πc/ω distances (d/λ) from the metal semi-infinite substrate with ε3 = −5 in the elliptic regime at ω = 0.99 (e) and in the hyperbolic one at ω = 1.01 (f). In (e) and (f) the medium between the metasurface and the substrate with ε3 is a free space with ε2 = ε1 = 1, the bold IFCs correspond to the cases without substrate and on the substrate with zero distance to the metasurface. In all panels the black oval
denotes the circle of light in a free space and the plasmonic metasurface parameters are the same as in Fig. 2 [36] , that also consist of a plasmonic array and a metal ground plane located below it.
C. Bilayer hyperbolic metasurfaces
Here we consider bilayer metasurfaces consisting of two 2D layers with effective conductivity tensors σ 1 and σ 2 , which are separated by some interlayer with refractive index n 2 and thickness d and surrounded by semi-infinite media with refractive indexes n 1 and n 3 . In the case of the symmetrical bilayer configuration, when σ 1 = σ 2 ≡ σ and n 3 = n 1 , which gives P (1 ± e −2κ2d ) 2 = σ xy σ yx .
(22)
This configuration is equivalent to the monolayer metasurface at the interface between media with n 1 and n 2 above a perfect mirror on the distance d/2, where the perfect mirror condition n 3 → ∞ gives P = ±1, thus, immediately yielding from Eq. (17) the same relation as given by Eq. (22) . This dispersion can be written in a more conventional form
As in any bilayer, the inter-layer EM interaction splits the spectrum into two branches: the solution lying above the dispersion curve of SPPs in a single 2D layer, corresponding to the "optical" mode with symmetrical field profile, and a lower frequency solution, corresponding to the "acoustic" mode with antisymmetric field profile [125] . Here, in Eqs. (23) and (24) for the optical and acoustic branches of the hybrid waves, respectively, we obtained similar bilayer dispersions but with mixed TE-TM terms. In Figs. 7(a), (b) we plot the dispersions given by Eqs. (23), (24) for the free-standing bilayer plasmonic metasurface with a free-space interlayer
Comparing with the monolayer dispersion from Fig. 3(e) , one can see that the optical branches are shifted to the lower q and the acoustic ones to the higher q. Thus, at fixed frequency the acoustic modes possess higher q, i.e., stronger filed confinement, and at fixed wave vector the optical modes have higher ω allowing to transfer higher energies. Notice that in contrast to the bilayer with isotropic 2D layers, here at all angles ϕ = 0 • , 90
• we see the intersections of the optical and acoustic branches without any hybridization. These non-hybridized solutions of Eq. (22) have a twofold degeneracy, caused by the symmetry of the considered bilayer configuration, and can be excited independently, as they possess different symmetries of filed profiles. Of course, for an asymmetric two-layer configuration, when σ 1 = σ 2 or n 3 = n 1 , this degeneracy is removed, and hybridization of the optical and acoustic branches occurs. We underline that the hyperbolic regime in each 2D layer of the considered bilayer metasurface leads to the existence of hyperbolic acoustic hybrid waves, which are strongly confined near the bilayer metasurface (out-of-plane confinement) and at the same time possess perfect canalization along some specific directions in the plane of 2D layers (in-plane confinement). Using Eqs. (8) and (9) for the bilayer T-matrix (15), in Figs. 7(c)-(f) we plot the reflectance R p,s (ω, θ), depending on the frequency and angle of incidence [see Fig. 1(b) ], of the free-standing bilayer plasmonic metasurface with large free-space interlayer (n 1 = n 2 = n 3 = 1, d = 2λ) supporting FabryPerot (FB) resonances. When the plane of incidence of light is at an angle ϕ = 0
• to the main axis of uniaxial plasmonic layers [see Fig. 1(a) ], we obtain FB resonances oscillating with the angle of incidence θ near the resonant frequencies of plasmonic layers: near Ω = 1 for the s-polarized [ Fig. 7(c) ] and near Ω ⊥ = 1.2 for the ppolarized [ Fig. 7(d) ] incident light. At ϕ = 45
• an equal mixing of resonant frequencies occurs, and for both polarizations FB resonances completely occupy the region between Ω and Ω ⊥ , so they mostly belong to the hyperbolic regime [see Figs. 7(e),(f)]. Notice that all the obtained results for bilayer metasurfaces with the distance d will be the same for a monolayer metasurface above a perfect mirror on the distance d/2. 
D. Twisted bilayer hyperbolic metasurfaces
Finally, let us consider thin twisted bilayer metasurfaces consisting of two 2D plasmonic layers with a spacer between them and a relative in-plane rotation (set by the twist angle ∆ϕ) [see the inset of Fig. 8(b) ]. The surface waves dispersions and iso-frequency contours (IFCs) for such a bilayer are given by the general relation (16), which being transcendental for the wave vectors, is very complicated for the IFCs topology analyzes. For simplicity, we will consider the bilayer with a spacer, which is thick enough to provide the electrical insulation of the layers but sufficiently thin to neglect the EM filed resonances between them. The electrical insulation permits to homogenize each layer separately, and the thin spacer condition (d λ SPP ) allows the bilayer dispersion (16) to be approximated in the zeroth order in κ 2 d by the monolayer-like relation (18) with the total effective conductivity tensor. Such a reducing of the bilayer problem to monolayer one significantly simplifies the analysis, although it does not address the case of moiré metasurfaces [80] , because it does not account for the inter-layer meta-atoms interactions and, therefore, the moiré superperiod dependence. So, for a thin bilayer described by the monolayer-like Eq. (18), the effective conductivity tensor can be written as a sum of the respectively rotated conductivity tensors of the top ( σ 1 ) and bottom ( σ 2 ) layers:
For convenience we made a symmetrical rotation in the top and bottom layers at the angles ∆ϕ/2 and −∆ϕ/2, respectively. After some algebra one get
where
In general, the rotation at an angle ϕ (measured from the x-axis) of any fully-populated conductivity tensor with σ xy = σ yx is written as [30] :
(σ yy − σ xx ) sin 2ϕ/2 + σ xy cos 2ϕ
Notice that the same sign of the nondiagonal conductivities σ xy = σ yx corresponds to the systems with lack of inversion symmetry (e.g., with intrinsic chirality), while the systems where time-reversal symmetry is broken (e.g., by a magnetic filed) must have σ xy = −σ yx [126] . Comparing Eq. (26) with Eq. (28), one can rewrite the effective conductivity tensor of the considered twisted bilayer metasurface in the following rotated form
As expected, the layers twist results in the effective chirality response σ xy = δ sin ∆ϕ. For any monolayer-like dispersion (12) with the conductivity tensor (19) , it can be shown that at large q and n 1 = n 2 = 1 the asymptotic behavior of the IFCs of the hybrid surface waves is defined by σ xx = σ k 2 + σ ⊥ k 2 ⊥ = 0 (for quasi-TM waves) and σ yy = σ ⊥ k 2 +σ k 2 ⊥ = 0 (for quasi-TE waves), which gives the topological transition from the elliptic to hyperbolic regime at Im σ Im σ ⊥ = 0 [8] . However, in general, for a fully-populated conductivity tensor given by Eq. (28), the asymptotic behavior, e.g., for quasi-TM waves is defined by σ xx = σ k 2 + σ ⊥ k 2 ⊥ + 2σ xy k k ⊥ = 0, so the topological transition occurs at Im σ Im σ ⊥ = Im σ 2 xy . In the bilayer tensor (26) the role of σ xy plays the term δ sin ∆ϕ. As the IFCs of the considered twisted bilayer is given by a monolayer-like dispersion (18) with the total fully-populated effective conductivity tensor (26) , the topological transition in such a bilayer occurs at
In the simple case, when the top and bottom layers have equal conductivities ( σ 1 = σ 2 = σ, µ = 2 σ), the detuning δ is zero, which simplifies Eq. (26) to the form
Moreover, the topological transition condition (30) becomes typical Im σ Im σ ⊥ = 0, which at equal conductivities from Eq. (27) gives
Thus, we obtain the topological transition depending not only on the frequency but also on the twist angle ∆ϕ. Using the dispersion (18) and tensor (31) with the same conductivities σ ,⊥ as in Fig. 2 but at σ ∞ = σ ∞ ⊥ = 0, we calculate the IFCs of the hybrid surface waves in a twisted bilayer with d = 0 and σ 1 = σ 2 in the hyperbolic regime ω ∈ [Ω , Ω ⊥ ] at different twist angles ∆ϕ. We obtain that even at hyperbolic regime frequency ω = 1.075 for ∆ϕ > 74
• the IFCs become elliptic [see Fig. 8(c) ]. Using the condition (32), in Fig. 8(e) we plot the diagram of the IFCs topological transitions versus frequency and twist angle, which clarifies this behavior. It is seen that the hyperbolic frequency region narrows with increasing twist angle and at ∆ϕ = 90
• it converges to a point. In this point the main axes of the top and bottom layers are mutually orthogonal, so such a bilayer metasurface becomes effectively isotropic with no hyperbolic regime. At ∆ϕ = 90
• Eq. (32) yields the condition Im σ + Im σ ⊥ = 0. Thus, for the conductivities given by Eq. (20) , at σ ∞ = σ ∞ ⊥ and A = A ⊥ , neglecting the damping, we obtain the frequency of this point to be ω 0 = (Ω 2 + Ω 2 ⊥ ) 2. Working at this frequency one can switch the considered bilayer metasurface to the hyperbolic behavior by slight layers twist near the position with ∆ϕ = 90
• . So, in this instability point the bilayer can be switched directly from the effective isotropic configuration to the hyperbolic regime.
In a general case, when the detuning δ of the top and bottom conductivities is nonzero, the effective chirality response, given by the right part of Eq. (30), results in the rotation of the IFCs, which depends both on the twist angle and detuning [see Figs. 8(d) ]. Here we took for the bottom layer the same conductivities as for the top one but with the detuning ∆Ω = 0.05 of the both resonance frequencies [see Fig. 8(a) ]. Then the effective twisted bilayer conductivities σ ,⊥ given by Eq. (27) possess the hyperbolic region divided (depending on ∆ϕ) into several bands [see Fig. 8(b) ]. Using the condition (30), in Fig. 8(f) we plot the diagram of the IFCs topological transitions versus frequency and twist angle for the considered detuning case. For the low angles ∆ϕ 30
• there are three hyperbolic bands, at the angles 30
• ∆ϕ 50
• there is a wide single hyperbolic band with ω ∈ [Ω , Ω ⊥ + ∆Ω], and for the high angles ∆ϕ 50
• there are again three hyperbolic bands, but the lower and upper ones have a detuning width ∆Ω = 0.05 and are independent of ∆ϕ, while the middle one, as in the case of zero detuning, narrows with increasing twist angle, although converging not to a single point but to some narrow frequency window. This window can be found from Eq. (30) , which at ∆ϕ = 90
• gives the condition Im σ 1 + Im σ 2⊥ Im σ 1⊥ + Im σ 2 = 0. For the top layer conductivities σ 1 ,⊥ given by Eq. (20) with the resonance frequencies Ω ,⊥ and σ ∞ = σ ∞ ⊥ , A = A ⊥ , and for the similar bottom layer conductivities σ 2 ,⊥ with the resonance frequencies Ω ,⊥ + ∆Ω, neglecting the damping, we obtain that this window is limited by the frequencies ω 1 = (Ω 2 ⊥ + (Ω + ∆Ω) 2 ) 2 and ω 2 = (Ω 2 + (Ω ⊥ + ∆Ω) 2 ) 2. So, at ∆Ω Ω ,⊥ the width of this frequency window is defined by
. By solving the exact bilayer dispersion relation (16) numerically, we obtained that the above results correspond to the low-wave-vector (low-k) "optical" modes in bilayers with d/λ 10 −5 . In so thin bilayers the IFCs of the "acoustic" modes belong to the high-k range. In contrast to the optical IFCs, the acoustic ones have no topological transitions caused by the twist, so they remain hyperboles at hyperbolic regime frequency for any ∆ϕ. With the spacer thickness increasing these acoustic IFCs enters low-k range and start to form with the optical ones different cross-like contours [90, 91, 127] , which may not support the ∆ϕ-transitions. Nevertheless, for d/λ ∼ 10 −4 the predicted in Fig. 8 topological transitions are still exist but with small shift in the critical ∆ϕ. As a possible implementation of a bilayer with such a thickness, two rotated graphene strips arrays with 3-nm-thick h-BN spacer (enough to insulate layers) at operation frequency 10 THz (λ = 30 µm) can be taken. For the considered in Fig. 8 
IV. CONCLUSIONS
We have presented a comprehensive analysis of hybrid TM-TE polarized EM waves propagating along different types of few-layer anisotropic metasurfaces. For this we have developed a generalized 4×4 T-matrix formalism allowing to calculate the linear optical response of arbitrary anisotropic 2D layers accounting for the mixing of EM waves polarizations. Particularly, using this formalism we have analytically obtained a general dispersion relation for an arbitrary bilayer metasurface. We have analyzed the dispersions and IFCs topology of the hybrid waves for various realizations of few-layer anisotropic metasurfaces in the most general form, not specifying a design of constituent 2D layers and describing their optical properties within the effective conductivity approach. Such an approach does not require a specific scale, making the obtained results applicable in different frequency ranges. Having considered four examples of hybrid uniaxial metasurfaces, we have found the following phenomena.
First, we have studied the plasmon-exciton hybrid metasurface, consisting of 2D uniaxial plasmonic array, 2D excitonic layer (e.g., 2D semiconductor or dye molecules), and thin dielectric spacer between them. For such a metasurface we predict the existence of hyperbolic plasmon-exciton polaritons, which are coherent superposition of the hybrid TM-TE plasmons supported by the uniaxial plasmonic array and the excitons from the excitonic layer. Their dispersion strongly depends both on the propagation direction in the plane of the layers and the spacer thickness. The largest Rabi splitting for this polaritons can be achieved in the hybrid metasurfaces without spacer and at the excitation in the direction with the highest effective conductivity. In contrast to ordinary plasmon-exciton polaritons on a uniform metal [123, [128] [129] [130] or isotropic plasmonic array [40, 42, 43] , here we have demonstrated the possibility of hyperbolic behavior of such a waves.
Second, we have considered the influence of the positive-ε (dielectric) and negative-ε (metal) substrates on the surface waves behavior in plasmonic uniaxial metasurfaces. For a sufficiently thick dielectric substrate we predict a set of hybrid TM-TE WG modes to arise with the angle distribution of the dispersion containing similar anticrossings as for the surface waves. In the case of a metal substrate the situation changes drastically. The additional sets of hybrid surface waves branches arise, among which both elliptic and hyperbolic backward surface waves with negative group velocity can exist. Moreover, we predict additional topological transitions in both elliptic and hyperbolic IFCs of the hybrid surface waves caused by the presence of a negative-ε semi-infinite substrate. When the substrate permittivity is less than zero, IFCs begin to bend in such a way, that at some negative value (ε s ≈ −2.1) the elliptic contours split into two separate ovals and arcs near the circle of light in a free space, while the hyperbolic contours split into hyperboles rotated on 90
• and the elliptic contours near the circle of light. Besides, the controlling parameters of these topological transitions are not only frequency and substrate permittivity but also the distance to the metal substrate.
Third, for the bilayer metasurfaces consisting of two 2D uniaxial plasmonic arrays, as well as for the monolayer metasurfaces above a perfect mirror, we predict the existence of hyperbolic acoustic hybrid waves, which possess strong confinement in both out-of-plane and in-plane directions. In contrast to acoustic plasmons in isotropic systems [77, 78] , these hyperbolic acoustic waves are not only strongly confined near the bilayer by also perfectly channeled along some specific directions in the plane of 2D layers.
Finally, we have studied thin twisted bilayer metasurfaces consisting of two 2D plasmonic layers with a spacer between them and a relative in-plane rotation. The spacer is thick enough to provide the electrical insulation of the layers but sufficiently thin to neglect the EM filed resonances between them. This condition allowed us to use the effective conductivity approach to each layer separately and to reduce the bilayer problem to monolayer one with the total effective conductivity tensor written in a compact form. This formalism significantly simplifies the analysis, although it does not account for the case of moiré metasurfaces. We have shown that the layers twist angle can be the control parameter for the topological transitions of IFCs of the hybrid surface waves in such bilayers. These topological transitions turned out to be very sensitive to the layers twist: one can switch between hyperbolic and elliptic regimes just by slight layers twist near the critical angle, which depends on the operating frequency. For the bilayer with equal conductivities of the layers, we have found the instability point, when this bilayer at some frequency can be switched directly from the effective isotropic configuration to the hyperbolic regime by slight divinations from the position with the mutually orthogonal main axes of the layers. Such a topological transition from closed ellipses to open hyperbolas indicates switching from omnidirectional to highly directional surface waves. For the case of different conductivities of the layers (at nonzero conductivity detuning, which can be controlled, e.g., by gate voltage), we predict the appearance of the effective chirality response, which results in the rotation of the IFCs depending both on the twist angle and detuning. The numerical solution of the exact bilayer equation with a spacer of arbitrary thickness has shown that the predicted topological transitions can be found only for the low-k "optical" modes in very thin bilayers with d/λ ∼ 10 −4 , which is realistic for the bilayers consisting of graphene strips arrays separated by a few-nm-thick h-BN spacer and working in THz range. For larger distances between layers various cross-like IFCs will arise [90, 91, 127] , which may not contain the predicted effects.
We believe that the developed 4×4 T-matrix formalism for arbitrary anisotropic 2D layers may become a useful tool in the calculation of multifunctional few-layer metasurfaces or van der Waals heterostructures with in-plane anisotropy, where it is important to take into account the TM-TE polarization mixing. The predicted hyperbolic hybrid waves and topological transitions in different few-layer anisotropic metasurfaces can be important for the efficient manipulation and control over surface EM waves, which is promising for a number of applications in on-chip optical technologies.
